2000]Primary 05A30, 33D15, 33D90 

PARTIAL THETA FUNCTIONS. I. BEYOND THE LOST 

NOTEBOOK 



S. OLE WARNAAR 



Abstract. It is shown how many of the partial theta function identities in 
Ramanujan's lost notebook can be generalized to infinite families of such iden- 
tities. Key in our construction is the Bailey lemma and a new generaliza- 
tion of the Jacobi triple product identity. By computing residues around the 
poles of our identities we find a surprising connection between partial theta 
functions identities and Garret-Ismail-Stanton-type extensions of multisum 
Rogers— Ramanuj an identities. 



1. Introduction 

G. E. Andrews' discovery in 1976 of Ramanujan's lost notebook ||l^ can prob- 
ably be regarded as one of the most exciting finds ever in mathematics. The lost 
notebook, which was hidden in a box containing papers from the late G. N. Wat- 
son's estate, is a handwritten manuscript of well over a hundred pages of hardly 
decipherable but very beautiful identities. The first formula given by Andrews in 
his An introduction to Ramanujan's "Lost" notebook ^ is the following q-series 
transformation jl^, p. 37]: 



(1-1) E 



{l-a)l[il~aq^){l-q^/a) 



^(_l)»a2n+l^«(n+l)/2 



n=0 



l[{l-aq^-'){l-q^/a) 



on which Andrews puts the adjective "marvelous". 

Characteristic of the above identity is that it contains a partial theta product 

(1 - a)nj=i(l - a9^)(l - and a partial theta sum Er=o(-«^)"9"^""^^^^^- 

Here it should be noted that complete theta products and sums are connected by 
Jacobi's famous triple product identity fll, Eq. (2.28)] 



oo 



n— — oo 



There are many more identities for "partial theta functions" in the lost note- 
book. With the standard notation (a; g)„ = nj=o (1 ~ '^9"') ■ • ■ > a/cl Q)n = 
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(ai;Q)n • ■ ■ iak',q)n, we state the following further examples ||T^, p. 12; p. 4; p. 29] 



(1-3) E 



(q"+l;q)„q" 



(a; (?)„+! (g/a;g)„ 



n=0 



(1.4) 

and 

(1-5) E 



E 



{a;q)n+iiq/a;q)n 



{a,q/a\q)oo 

(_l)"a2n+lgn(n+l) 



-q,a,q/a; q),_ 



{q;q^)nq^ 



n=0 



(a;g^)n+i(g^/a;g)r 



^ a"g»("+i)/2 



E 



{~q;q)oo{a,q'^/a;q'^)oo 



As was typical of Ramanujan, there are no proofs of any of the partial theta 
function formulae in the lost notebook, making it impossible to determine how Ra- 
manujan actually discovered them. Proofs of (1.1) and (1.3)-(1.5) (and of many 
more of Ramanujan's partial theta function identities) were found by Andrews 
Eq. (1.1), (1.2), (3.16) and (3.14)]. Equation (|li|) was also proved by Andrews 
in [|| and by Fine |l^, Eqs. (7.2) and (7.5)]. Andrews' proofs are at times quite 
intricate and rely heavily on standard and some not-so-standard identities for basic 
hypergeometric series. This perhaps partially explains why Ramanujan's partial 
theta function identities, though beautiful and deep, have remained rather isolated 
and have not become as widely appreciated and studied as, for example, Ramanu- 
jan's mock theta functions. 

The aim of this paper is to show that Ramanujan's partial theta function identi- 
ties are just the tip of th e iceberg and that there is act uall y a lot of hidden structure 
to (IT) and (L2)-(T5). For example, the identity (T3) is the first in an infinite 
series of identities; the next identity in this series being closely related to another of 
Ramanujan's discoveries, that of the Rogers-Ramanujan identities Q. Specifically, 
we claim 



E 



((z"+^g)„g" 



^ {a;q)n+i{q/a;q)n 



E^ 



r(r+l) 



oo 4 / 2 5 — 2 5 5\ 

= V a"g2"("+^) + V(-l)'+ia^g(2) '-^ ' ^ ^q \q )oo ^5«^2n(5n+2i) 
^0 h {q,a,q/a;qU t'o 

where the g-binomial coefficients or Gaussian polynomials are defined by 

{q;q)n 



= < {q; q)ni{q; q)n-r 




TO G {0, 1, ... , n} 
otherwise. 



More generally we have the following theorem. 
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Theorem 1.1. Fork a positive integer, n — 2fc+l and Nj — nj+nj+i + - • ■ + nk-i 
there holds 



(n- n\.^ , (n /n- n\-^ ^—^ 



^ (a; q)n+i{q/a; q)n J^_^^o (<?; (<?; • • • (g; 



CXJ K — 1 / ^ 1^ ^ ^\ CXJ 

(QiO,,q/a:q)aD ^ 

n=0 4=1 n=0 

Here we define (a; for all integers n as 

(a; 9)00 



(1.6) (a;g). 



(ag";g)c 



so that, in particular, l/(g;q)n = for negative n. Observe that for i G {1,2} 
and fc = 1 the triple product {q^,q'^^'^,q'^;q'^)oo becomes {q,q^,q'^;q'^) 00 = {q]q)oo- 
Since also {q]q)2n/ {q]q)n = {q"'^'^\q)n one indeed finds ( pT^ ) as the fc = 1 case of 
Theorem p^.l[ 

Our next theorem embeds (|1.4[) in an infinite family. 



Theorem 1.2. Jbr fc a positive integer, n — 2k and Nj — Uj + Jij+i + • • • + Uk-i 
there holds 

(g;?)™! •••(g;'7)n,_2(92;'7^) 



n=0 

K-1 



iq,a,q/a;q)^ 

To extend ( |1.5D we have to rewrite the term ((7; q^)n in the summand on the left 

as (q^g^)2n/(r;g^)n(-g;'?)2n- 

Theorem 1.3. For fc a positive integer, k = 2k — 1/2 and Nj = rij + ^j+i + • • • + 
"fe-i there holds 

y (g;g)2ng" y gA^? + -+^.--.+A^i + -+A^.-i 

^ (a; q)„+i{q/a; g)„ „^ (g; g)™-^! {q; q)m •••('?; '?)n,_i (-g^/^; (ji/2)2„^^^ 

,t^0 i~[ {q,a,q/a;q)^ 

00 

^ ^j-_2^nQ2Kn^2(K-l)(Kn+j)n^-[^ _|_ ^2k-2i^2(k- 1) (K-i)(2n+l) ^ 
n=0 



Finally, the generalization of (1.1) to an infinite series is more complicated, 
involving a quintuple instead of triple product. 
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Theorem 1.4. Fork a positive integer, k 
there holds 



3fc — 1 and Nj — n-j+n 



(g;g)2«g" 
^(a;g)n+i((7/a;g)« 



E 



q 



■j+i- 



Nf + ---+Ni_^+Ni + ---+Nk-i 



■ + nk-i 



oo 

E 

n=0 



■ ,n):-l=0 

(_l)"a3n^(2K-3)(3n+l)n/2j^^ _ (j2^(2K-3)(2n+l)^ 



K-1 

E 

i=l 



d iH )H )ca\q J q iq )c 



X 1 



{q,a,q/a;q) 

oo 

l^-j^ _ ^2Kn-2i^(2K-3)(Kn-i)n ^-[^ _ ^2i^2(2K-3)in'^ 

n=l 



To see this generalizes (O), note that {q\q'^'^^\ q^'^; q^'^)oo{q^'^ 2i^ ^2K+2i. ^4k-)^ 
for fc = i = 1 becomes (q, 9"*; g^)oo(g^, g'^; '?*)oo = (g, g^, g^, g^; g'*)oo = (g;g)oo- 

Several further results similar to Theorems |l.l| ~ |1.4| , but reducing for fc = 1 to 
partial theta function identities not in the lost notebook, will also be proved in 
this paper. Apart from some deep but known results from the theory of g-series, 
the following generalized triple product identity will be crucial in our derivation of 
partial theta function identities. 



Theorem 1.5. There holds 

oo 

(1.7) 1 + V(-l)"g"("-i)/2(a" + 6") = {q, a, h; q) 



{ab/q; q)2nq" 



n=l 



We believe this to be a very beautiful formula. N ote in particular that for 
b = q/a one recovers the Jacobi triple product identity (|l.2| ). Indeed, making this 
specialization only the n = term contributes to the sum on the right, whereas 
the left simplifies to X^S^L-oo a"g"^"^^-'/^. Another nice specialization occurs when 
b = —a. Substituting this and replacing a by (ag)^/^ gives the transformation 



oo 

2^a"g2„^ 



(g;g)oo(ag;g^)c 



oo 



(-a; g)2«g" 



^ {q,'-aq;q)n{aq:,q^)n 



The remainder of this paper is organized as follows. The next section contains 
a proof of the key identity (|l.7j). In section ^ it is shown how (1/7) can be applied 
to give a very general partial theta function identity. As examples Ramanujan's 
identities (1.3) and ( p_.4| ) are obtained. Section |4 is devoted to the proof of The- 
orems 1.1-1.4 and related identities. In sections | and ^ we exploit the fact that 
all of the partial theta function identities exhibit poles at a = g^. Calculating 
the residues around these simple poles yields new identities which turn out to be 
Rogers-Ramanujan identities of the Garret-Ismail-Stanton type. We conclude the 
paper in section ^ with a brief discussion of the possibilities and limitations of 
our approach to partial theta function identities. The proofs of several polynomial 
identities needed in the main text can be found in an appendix. 
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As a first step we use (1.6) and {a;q)2n — (o,', <l)n{a,q"; q)n to put (1.7) in the 
form 



(2.1) E 



ji=0 



{aq'^,bq'^;q)oo{abq" ^■,q)nq 
{l~abq^-^)(q;q)n 



{1 - ab/q){q;q)oo ^ J 
Expanding the left side using the (/-binomial theorem Eq. (3.3.6)] 



(2.2) Y.^-zfqC'^^ 

fc=0 

and its limiting g-exponential sum |l^, Eq. (II. 2)] 
(2.3) 

gives the quadruple sum 



iz;q)r 



k=0 



LHS(|I|) = E 



(^_iy+] + k^i+k+lf^]+k+lq{i) + {i) + {''2)+n{i+j+k+l + l)-k-l 



iq\q)i{q;q)3iq; q)k{q\ q)n~k 

Shifting n —> n + then summing over n using ]T^, Eq. (11.1)] 



(2.4) 



E 



1 



{q;q)n (2; 17)00' 



and finally shifting i —>■ i — k and j ^ j — k gives 

^_^y+J+k^^+l,JJ+lq{l) + {i) + {''V)+l{k-l),^q. 



LHS(EJ 



E 



i+j+l-k 



i,j,k,l=0 
k<~Yain{i,j} 



(9; q)oo{q; q)t-k{q; q)]-k{q; q)k 



Here the condition on the sum over k is added to avoid possible ambiguity for 
i + i + l — k<Q. Employing the standard g-hypergeometric notation pq] 



r+l<Pr 



ai, . . . , flr+l 



61 



; . . . J 



; g, zj — ,.+i0r(Q.ij ... 7 dr+i; bi, . . . ,br; q, z) 

_ \^ (ai, . . . , Or+i; g)rt ^„ 
^ (g,6i, . . .,br;q)n 



we can carry out the sum over k by the g-Chu-Vandermonde sum [^6[ (11.6)] 
(2.5) 



201 (a, g ;c;g,g) = — a, 



(c; q)n 

with a = g~% n ^ j and c = g^'^^^'. This yields 

- (-l)»+:^a^+'&^ + 'g(0 + (^2)-^(g;<j).^,(g;q)^.^, 



LHS(|2.1D= E 



iq\ q) 00 {q;q)i{q;q)j{q;q) I 
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After the changes i ^ i — I and j ^ j — I the sum over I can again be performed 
by (|2.5|), now with a = g^*, n = j and c — 0. Hence 



i,j=0 



Equating this with the right-hand side of ( |2.lD we are left to show that 

oo oc 

(2.6) (1 - ab/q) J2 {-iy+'a'Vqi'^)+(i)^'' = 1 + ^(-l)"g(3)(a" + fe"). 

i,j—0 71—1 

Making the change i ^ i -\- j on the left and taking care to respect the ranges of 
summation gives 

oo oo 

LRS^) = (1 - ab/q) J2 E (--^Ya^ab/qyqi^) 

i— — oo j—ma:K{0,—i} 

oo 

= J2 {~^yci\ab/qr^''^°^~''>q('^) 

i— — oo 

oo — 1 

= l + ^(-l)*a'g(^) + (-l)'^"'?^"^') =RHS@. 

i—l i— — oo 

3. A GENERAL PARTIAL THETA FUNCTION IDENTITY 



In this section we wih show how (L7) can be apphed to yield a very general 
identity for partial theta functions from which Ramanujan's identities of the intro- 
duction easily follow. First we replace a aq^^^ and b — > bq^ in (1.7). Using 



(ag ; q)n = (a; q)n+kl{<^] Q)k and shifting n ^ n — r on the right this can be written 



{ab; q)2nq" 



i + E(-i)>^^n(«'?'+'r + (^9')") 

= q^''{q a t q) ^ ~ "^^^'^ 

°° ^ ('?;9)Ti-r(a&g;g)«+r(a;g)n+i(&;g)«' 

By the use of the triple product identity ( |l.2[ ) it follows that 

oo 

(-l)'-g('^^'){l + J2{-irq("^H{aq'-+'r + (bqT)} 

oo 

- (q/6r(g,&,g/6;g)oo + ^(-l)"+'-{a>("^^^') - (g/6)>("^") }. 

n=l 

Consequently there holds 

oo 

(q/bYiq, b, q/b- qU + 5](-l)"+'^{a"g("''J^') - (g/6)"?^"^'') } 



= {-\Yq^^){q,aMci)c 



1 — abq^ 



E 



{ab; q)2nq" 



~i (9; q)n-r{abq; q)n+r{a; g)„+i(&; q)r 
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Next we multiply both sides by fr and sum r over the nonnegative integers leading 
to 

(a;'7)n+i(6;g)n ^ ('?;9)«-r(afe;'7)n+r+i (a;g)oo ^ 

^ ^ n— 1 r— r— — oo 

Of course one either has to impose conditions on fr to ensure convergence of all 
sums or one has to view this identity as a formal power series in q. Nearly all our 
applications of this general result assume the relation b = q/a. 

Proposition 3.1. As a formal power series in a and q there holds 

(32) y y i^irq^^^hril-q'^+') y^^j^ 

^ (a;g)„+i(g/a;(7)„ ^ {q;q)nMq;'l)n+r+i ^ 

OO OO 



' ^ n— 1 r— r— — oc 



All that remains to be done to turn this into a Ramanujan-type partial theta 
function identity is to appropriately choose fr such that the sum 

can be carried out explicitly. The most general such /,. appears to be 

' {qyb,qyc;q)rybc) ' 

Then, by the a = q case of Rogers' g-Dougall sum fll, Eq. (11.21)] 



(3.5) 

it follows that 



a, qa 



^/^,-qa^/'^,b,c,q " ^ ag"+h _ {aq,aq/bc;q)n 



a^/'^,—a^^'^,aq/b,aq/c,aq"-^^^'^' be J {aq/b,aq/c;q)n^ 
{q'^/bc;q)n 



(3.6) Pn — , 2 /u II \ 

{q,q /o, q^/c] q)r 
Inserted in Proposition this leads to 



.3-^ ^ (g"+\gVbc;g)„g" ^ {b,c;q)r ( aq^ y 

h («' q'/b, qyc; g)„ (gV6, q^c; q)r V 6c J 



^ (~l)"a"g("^') (-l)'-9G)(5,c;g), ^9"+^ 



^1 {q,a,q/a;q)oo ^£^^ {q^/b,q^/c;q)r 

where we have used the symmetry f-r-i — fr as follows from 

(-g/a)"g(^) 
[q/a;qjn 



be 
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The partial theta function identities (1.3) and ( |l.4| ) of Ramanujan arise as special 
limiting cases of this identity. First, when b and c tend to infinity the sum over r 
on the right simplifies to 

oo 
r— — OO 

= (g;'z)oo(-l)L("+')/'J9-("+'^("+')/''x(" ^ (mod 3)), 
where we have used the triple product identity ( |l.2[ ) and 

(3.8) 



( i+mn m-mn-i m\ — ( „i ( 1V«^'"^(2)' 



and where x(true) — f , x(false) — and [a;J is the integer par t of x. Also letting 
6, c — > oo in the other terms in (3/7) we obtain Ramanujan's (O). This solves a 
problem of Andrews who remarked in "The primary reason that our proof is 
so complicated is th at w e have been unable to prove any generalization of (1.2)j^". 
Here (1.2)ij is our (L3) and th e ty pe of generalization Andrews alludes to is not 
a generalization like Theorem IT but a generalization involving additional free 
parameters. 



In much the same way as we obtained (1.3) one finds (1.4) after taking h = —q 
and c ^ oo in (^.7|). 

The g-Dougall sum ( |3.5| ) can also be used to derive quadratic and cubic analogues 
of (3.7). Specifically, from (3.5) it follows that 



/2r 



and 



{q\q^lh-q^)r 



1 = and /3„ = 



{qVb;q\ 



/3r+l 



and Pr, 



{q,q'^/b;q)niq'^]q^)r 

^ {q;q^)n 
{q; q)n{q; q)2n 



both satisfy ( |3.3| ). By Proposition 3T we therefore have 



5^ (n-, 



iq,q^/b;q^)nq'^ 



^ (a; g)„+i(9, q/a, q'^/b; g)„ ^ (g^, q^/b; g^), 



(q,6; q^) 



? 2 



(-l)"+ia"g(""'') (g,&;g^). /g^^ 
(Q,a,g/a;g)o. iq^,q^/b;q^)r\ b J 



{4r+l)n\ 



n—1 r—0 



and 



E 

n-O 



iq;q^ 



(a3g^;g3)^ 

{a;q)n+i{q,q/a;q)„ {a^q;q^)c 



EE 

n— 1 r—0 



{q,a,q/a;q)c 



(g; g^)r /-. _ (6r+l)n\ 



where in the last equation the g-binomial theorem jl^, (II. 3)] i(f>o{a; ~; q; z) 
{az; q)oo/{z; q)oo has been used to simplify the second term on the left. 
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Taking 6 = 1 in the quadratic transformation leads to a formula that might well 
have been in the lost notebook, 

^^{a;q)n+i{q'^,q/a;q)n {q,a,q/a;q)oo 
For a = — 1 this further simplifies to the elegant summation 

iq;q^)nq" „ iq;q^)oo 



y yq,q )nq ^ ^ 



Before we continue to derive all of Ramanujan's identities of the introduction 
we will slightly change viewpoint and reformulate Proposition 3.1 as a Bailey pair 
identity. 

4. Partial theta functions and the Bailey lemma 

Let a = {an}J5^o ^'^d [3 — {/3n}.^o- Then the pair of sequences is called 

a Bailey pair relative to a if 



(4.1) /?„ = ^ 



{q',q)n-r{aq;q)n+r' 



Comparing this definition with (|3.2| ) and identifying 

(4.2) a„ - (-1)>(3)/„(1 - g2"+i)/(l - g) 

we get the following result. 

Corollary 4.1. For {a, (3) a Bailey pair relative to q there holds 
o^ >^ /3«(g;g)2«g" , . Qn(-l)"a"g~(^) 

1 _ „'^(2n+l) 



.5](-l)-+Vg(3^a„g(i- 



r)n ' 



{q^,a,q/a;q)oc fr{ ^ 1 - g2«+i 

provided all sums converge. 

In view of this result we need to find suitable Bailey pairs relative to q. Before 
we present many such pairs, we recall a special case of Bailey's lemma ^| which 
states that if (a,/3) is a Bailey pair relative to a, then so is the pair (a',/?') given 

by 



a q a„ 



and f3'„ = ^ 



(«;?)«- 



Iterating this leads to what is called the Bailey chain. As will be shown shortly, 
all of our theorems of the introduction arise as Bailey chain identities. To generate 
new Bailey pairs we will also use the notion of a dual Bailey pair Let (a,/9) — 
(a(a, g), P{a, q)) be a Bailey pair relative to a. Then the pair (a', /?') given by 

a'^ = a"q^"an{a-\q~^) and /?; = a-"g-"("+i)/3„(a-\ g-^) 

is again a Bailey pair relative to a. Since in the remainder of this section all Bailey 
pairs will have a = q we will subsequently drop the phrase "relative to q" . 
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As our first example we prove Theorem The required initial Bailey pair is 
due to Rogers and given as item B(3) in Slater's extensive list of Bailey pairs 

1 



Iterating this along the Bailey chain one finds 



0^' 



(fe) _ 



E 



„ _r,{<i;<l)n~NA<l'^<l)ni---{<l]<l)nk-l 
ni,...,n/^_i— U 



for k a positive integer and (a'-^-' , /3^^^) — (a, (3). Combining this with Corollary 4.1 
and applying the triple product identity yields 



,ia;q)n+i{q/a;q)r ^ 



[q,a,q/a;q)c' ^ ^ 



r— 1 n— — oo 

r „2fc-r+l „2fe+l. „2/c+l\ 



iq,a,q/a;q)oo 

The summand on the right vanishes when r = (mod 2k + 1). Replacing r by 
i + {2k + l)n with i G {1, . . . , 2k} and n a nonnegative integer and using ( |3.8| ), we 
arrive at Theorem 



1.1 



The proof of Theorem |1.2| proceeds along the same lines. We begin with the 
Bailey pair (23[ E(3)] 

a„ = (-l)"<z"'(l-g2"+i)/(i„g) and /3„ ^ 



{q^;q')n 



which implies the iterated pair 



Ar2 + ...+jv;f_,+A'i + ---+Wfc_i 



Hence, by Corollary ^Jj and the triple product identity ( |l.2| ), 

>^ Pn\q-,q)2nq'^ 

_n {0'iq)n+iiq/a;q)n 



n=0 



= ya-q(^>'-^rV)+y^^iy+i^r^{i) iq'\q -^,q ^q )c 

^ [q^a,q/a;q)oo 



Replacing r by i+2kn with i g {1 , . . . , 2fc — 1} and applying ( |3.8|) gives Theorem 1.2 
Next we turn to Theorem 1.3, and for the first time a Bailey pair not in Slater's 
list is needed, 

1 



(4.4) a„ = (-l)V3n-lW4(i_^2„+l)/(^_^) p^ 



{q';q'U-q'/^;q)n 
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which foUows from the polynomial identity 

(4.5) J2 = (1 - 



proved in the appendix. We note that by (4.2) the above choice for q;„ is equivalent 
to taking fr = q^'-'^+^y^ in Proposition 3.1. Substituting the iterated Bailey pair 



= (_l)»5(3n-l)n/4+(fe-l)n(n+l)(i _ g2"+l)/(l _ q) 
°° „Wf + --+Wf_i + Wi + --- + 7Vfc_i 

pik) ^ y 

„i,...^_i=0 9)«-A'l (<?; '?)rH ■■■{q; '?)n,_i (-g^/^; g^/^)2nfe„i 

in equation ([4 .31) gives 



Pn (,g; gj2Kg ^ ^n^(4fc-3)(n+l)n/4 

;^^(a;q)„+i(g/a;g)„ 

°° / N „2A:-r-l/2 „2fc-l/2 . „2fc-l/2 ^ 

+ y{-iy+'a^q& , ''^ ^ 

^ [q,a,q/a;q)oo 

Now using that for such that = if r = (mod 4/c — 1) there holds 

oc 2k~l oo 

y^9r= X! y^{g(4fc^l)K+t + .9(4fc-l)(n+l)-4 
r— 1 i— 1 n— 



and applying ( |3.8| ) we obtain Theorem 1.3. For k = 1 this corresponds to ( |1.E| ) with 
q ^ gl/2 since {q\ q2k-^-l/2 ^q2k-l/2.q2k-l/2^^ ^ (^1/2. ^1/2)^ for k = i = 1. 



(4.6) 



Finally we prove Theorem 1.4 which is based on the new Bailey pair 

1 _ g2n+l 



^ (_l)L(4n+l)/3j^(2„-l)„/3.L_y__^(^ ^ 1 (j^Q^ 3)) 



/3« = 



1 



(<?; 9)2n 

as can be extracted from the polynomial identity 



oc 



2ri+l 



(4.7) 

j = -oo 

again proved in the appendix. Iteration along the Bailey chain yields 



1 _ „2n+l 

a^l") = ( 2)l(4"+l)/3|g(2«-l)«/3+(fc-l)«(«+l) ^ 1 

1-q 



x{n ^ 1 (mod 3)) 



q 



,„ _r,{q;q)n-N^iq;q)m---{q;q)n^_2iq'^q)27ik^i 



which by Corollary |4.l| implies 

Pn [q;q)2nq _ y-/ -^N„^3n^«(3n+l)(2K-3)/2('^ _ ^2^(2k-3) (2n+l) ^ 



y;(-ir+W5. y ^««(3«+l)r 

^ iq,a,q/a;q)c^ ^ I 



^-3m- _ ^r(3ri+l) 



n— — oo 
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where k = 3k — 1. Interestingly it is now the quintuple product identity |T^, Exercise 
5.6] 

OO 

J2 (,3n _ ,-3„-l)^„(3n+l)/2 ^ (^^^ ^. ^)^(^2^^ ^/^2. ^2)^ 



n— — OO 



that is needed to transform the sum over n into a product. We thus find that the 
above right-hand side equals 



(4-8) E 



^^■+l r (2) 



^ {q,a,q/a;q)c 



-{q\q'^-\q'^-q'^)Uq' 



To rewrite this further we use that for g^. such that 5,. = if r = (mod k) there 
holds 



K-l 



Y.9r = E[5« + E(£ 



152 

r—1 i—1 n—1 

Utilizing this and ( |3^ expression becomes 



— ^ f /7 n n / n 



(g, a, 9/0:9)00 

00 

_ ^2Kn-2i^(2K-3)(Kn-i)n^2. — Q2i^2(2K-3)m'^ 

n=l 

concluding the proof of Theorem |l.4 

In the remainder of this section we will prove several further partial theta series 
identities that do not reduce to identities of Ramanujan when k = I. In fact, our 
first example assumes k > 2 for reasons of convergence. Calculating the Bailey pair 
dual to (16) gives 

1 „2n+l 
i-2)n/3 ^ 9 



a„ = (_l)L(4«+l)/3J^(n-2)„/3 



1-9 



-x(n ^ 1 (mod 3)) 



Pn = 



i(n-l) 



(9; 9)2™' 

Iterating this Bailey pair and copying the previous proof one readily finds the 
following companion to Theorem 



1.4 



Theorem 4.1. For k > 2, k — 3k — 2 and Nj = nj + + • • • + rik-i, 



(9; 9)2n9" 



E 



^Nt + ---+Nt_:,+2Nt_i+Ni + --- + Nk-2 



^ (a; g)„+i((7/a; g)„ „^ (9; 9)n-Ari (9; 9)«i • • • (9; 9)nfc-2 (9; 9)2n,_i 

00 

= ^(•_l)"Q3n^(2K-3)(3n+l)n/2^j^ _ ^2^(2K-3)(2n+l) j 

i „2k — i ^2k. ^,2k\ ^^2^ — 2j ^2K+2i.g4K^ 



ri=0 
K-l 



i=l 



(9,a,9/a;9)oo 

OO 

2^ _ ^2Kn-2i^(2K-3)(Kn-i)n _ ^2i^2(2K-3)in^ 

n=l 
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Next we consider the Bailey pair 
(4.9) «„ = g(S)(l-g2"+i)/(l-g) and /3„ = ^-liflli^ 

wh ich b y ( |4.2|) co rresponds to /„ = (—I)"- Hence ([4.9|) follows by taking b = —c = q 
in (3^) and ( |3.6| ). Inserting the iterated pair in (O) gives the next theorem. 

Theorem 4.2. For k a nonnegative integer and Nj — rij + ?T.j+i + • • ■ + Uk, 

(g;g)2ng" ^m?+...+n^,+n.+...+n. ^^^^^ 



oo oc 



n=0 r=l n=0 n=-oo' (q^ q/ a, q ) 

Note that the sum over n in the second term on the right takes the form of 
a false theta series for which there is no product form. This can be traced back 
to the fact that for /„ = (—1)" there holds /_„_i = — /„ instead of the usual 
/„ = f-n-i- (Note that for generic b and c (3.4) satisfies f-n-i = fn but that this 
is not necessarily so if either 6 or c assumes the "singular" value q.) 

When fc = the right-hand side trivializes and we get 

(4.10) 1 1 .y (g";g)»g" oy 

:^^{q,aq,q/a;q)n l + a\ {q,a,q/a;q)oo 
which simplifies nicely for a = 1 to 

(4.11) 1 + 2 y ^ -J— y(-irqi"t'). 

Similar to the previous example we take b = q and c ^ oo in (3.4) and (3.6) to 
obtain 

(4.12) a„ = g"'(l-9'"+')/(l-g) and /?„ = 

\q\qrn 

Carrying out the usual calculations this yields the second-last theorem of this sec- 
tion. 

Theorem 4.3. For k a nonnegative integer and Nj — Uj + + • • • + nk, 

y (g;g)2ng" y> qN? + -+Nl+N. + -+N. 



„^o (a; q)n+\{qla\ g)„ „ ^^^^ (<?; q)n-N^ (<?; q)n^ ■ ■ ■ {q; q)n^^^ (<?; q)l^ 



OO oo 



(-l)'^+ia'-(z(2'=+iH"J')+(''2") 



= E(-irW--H''r)+y{y_ y } 

n=0 r=l «=0 n=-oo-' 19, «, 9/ 'Zjoo 

Again a dramatic simplification occurs for the smallest value of fc. By 

OO OO — X oo T" — X 

E{E- E }(-i)^+v,("^^)+(^r) = yy(_i)^+v,("^^)+(^r) 

r—1 n—0 n— — OQ r—1 n—0 

oo OO / OO 

= ^ y (-l)'^+"a'^+"+ig("J')+("^') = ai ^ (-l)»a>("J') 

n=Or=0 ^ n=0 
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the fc = instance of Theorem 4.3 becomes 

^ oo 

I y(-l)"a"g("^') 



(a; <?)«+! (9,9/0; 9)„ {q,a,q/a;q)oo 
Our next Bailey pair can be expressed most concisely as 

a2n = o^-2n-i = (-l)^"^'"-^^! " - and /3„ = , .] , 

((?;g)„((?;g^)„ 

where n in a_2n-i is assumed to be negative. This Bailey pair can be read off from 
the polynomial identity 

00 

(4.14) {-iyi'^''-'Hl - = (1 - l'''^')i-T,q)n 

established in the appendix. The resulting theorem is similar to those of the intro- 
duction but not quite as beautiful since we cannot carry out the usual reduction 
of the sum over r. (One can still use the quasi-periodicity of the triple product on 
the right to write the sum over r as a finite sum over i and an infinite sum over n 
such that the new triple product is n-independent, but due to lack of symmetry, 
the resulting equation lacks the usual elegance.) 

Theorem 4.4. For k a nonnegative integer and Nj ~ rij + ?T.j+i + ■ ■ ■ + rik, 

2^ (n- n\ : Jnin- n\ ^ 2^ 



^(a;g)„+i(g/a;q)„ ^^^^^^^ {q;q)n-Ni{q;q)m ■ ■ ■ {q;q)nk^Aq'^q'^)r. 



^(-l)"a^"q"''+^(''"^^(^"+^'"(l - ag(2*-^-i)(2»+i)^ 

ri=0 

^ ;v ; y {q,a,q/a;q)c 



r—1 r— — oo 

As we have come to expect, the k = 1 case permits a simphfication: 

(4.15) y =i + (i+«)^(-i)"«^"-v^ 

^ (a;g)„+i(q/a;g)„ 

, a - (1 + a) En=l a3»-lg»(3»-l)/2(l , ggn) 

{q'-,q^)ooia,q/a;q)oo 

This generalizes the not at all deep, but elegant 



n=0 

obtained for a ~ —1. 



y^ = 2 — 

^ '-q]q)n {-q;q)c 



IS 



It will by now be overly clear that the list of nice applications of Corollary 4.1 
sheer endless, and without too much effort one can obtain many more new Bailey 
pairs relative to q such that a„ has a desired factor {l — q-^"-^^)/{l — q). Most obvious 



PARTIAL THETA FUNCTIONS 



15 



would of course be to use the dual Bailey pairs corresponding to, for example, (4.4) 
and (4.12) (note that (4.9) is self-dual), which are given by 

a„ = (-l)V"-3)"/^(l-g2"+i)/(l-g) and /?„ ^ , ' ) . 

-n 



'(l-g^"+i)/(l-q) and /?„ = 



(9;'?)n' 

The more adventurous reader might also further explore the possibility of trans- 
forming known Bailey pairs into new ones. This has been our main technique (see 
the appendix) for deriving new Bailey pairs. As long as one is willing to allow for 
Bailey pairs somewhat more complicated than those presented so far, the number 
of possible pairs appears to be limitless. As an example, we have found numerous 
pairs of the type /?„ = q"/ (q; q)2n and 

a3„ = 9'"^'""'Hl-g'"+')/(l-9) 
aan-i = -g2«(3«-2)+i(i _ <z«"-i)/(l ~ q) 

Unlike our earlier Bailey pairs this follows from a polynomial identity that can be 
viewed as a linear combination of alternating sums over q-binomial coefficients, 

oo 

(4.16) ?^^-^^^"-^^{K-],-L-"3^i2]J 



OQ 



-q ^ 

j = -OD 

Admittedly the identities obtained after iterating pairs such as the one above are 
too involved to be of great interest, but direct substitution in (O) often leads to 
results not much beyond those of Ramanujan. Our present example, for example, 
yields (after some tedious but elementary calculations) 



q2n 



n=0 



(a;g)n+i(g/a;g)r 



l-t- a + (1 + a^) ^(-l)"a3"-\"(3n-i)/2(^ ^ ^^n-j 

n=l 

a^ + (l + «')Er=i(-irQ'V"^'^ 
{a,q/a;q)oo 



This is so close to (1.1) that it is surprising Ramanujan missed it. A rather curious 
formula arises when we set a = — 1, 



)2 

We challenge the reader to explain why all nonzero coefficients on the right are ±4. 

5. Residual identities 

In the following two sections we exploit Andrews' observation ||] that by calcu- 
lating the residue around the pole a = q^ in Ramanujan's partial theta function 
identities and by then invoking analyticity to replace by a, new, nontrivial iden- 
tities arise. Of course, instead of considering just Ramanujan's identities we will 
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apply Andrews' trick to the more general theorems obtained in the previous section. 
As a first example however, we treat (3.7) in some detail. Let gq — with N 
a nonnegative integer and multiply both sides of ( |3.7[ ) by (a — oq). The resulting 
identity is then of the form 

oo oo oo 

'^fn{a) -^gr{a) = ^hn{a), 

n—0 r—0 n—1 

with lima-.ao fnio-) — /n('^o)x(^ ^ ^) ^^d 11111^^^^ 9r{(^) — 0. Wc thus infer that 

oo oo 

fn+N{ao) = ^ hniao). 

n=0 n=l 

By straightforward calculations this can be put in the form 
{aq^/b,aq^/c,q^/bc;q)oo ^ {a^q''+^,aq^/bc;q)nq" 



{q^/b,q^/c,aq^/bc;q)oo {q,aq,aq'^/b,aq'^/c;q)„ 



f-; {q,q,aq;q)oo {q^ /b,q^/c;q)r \ be J ' 



r— — QQ 



where we have replaced oq by a. By standard analyticity arguments we may now 
assume a to be an indeterminate. When b and c tend to infinity the sum over r 
can be carried out by the triple product identity leading to |6[ Eq. (8.1)] 

°° („2 n+l \ n 1 
(5.2) y i^/ ^ ' y „3n^n(3n+2)(^ _ ^^2n+ly 

^ [q.aq;q)n (q,a9;q)oo^ 
Similarly, when b — ~q and c — > oo we obtain 



(5-3) E , ^ = , ^ / 2 2^ E(-l)"«>"^"^'^- 



(ag"+i;g)„g" ^ ^ 

[q;q)n{aq'^;q'^)n (q;q)oo{aq 

The last two identities are in fact closely related to other results from the lost 
notebook. If we take a = —1 in (5.2) and then apply Heine's fundamental trans- 
formation Eq. (III.l)] 

(5.4) 2(/'i(a, 6;c;q, z) = ■^^^^^^^^20i(c/6, z; az; g, fo), 

(c, 2;g)oo 

with b = —a = q^l"^ ^ c = and z — g to transform the left side, we obtain after 
replacing q by q^ p. 37] 

y = y (_l)"52„(3n+2) ^ ^in+2y 

^,{~q-^q^)n+i ^0 

This is the second "marvelous" formula given by Andrews in his introduction to the 
lost notebook Eq. (1.2)]. In Andrews proofs this result by different means. 

To transform (5.3) into another of Ramanujan's formulas is only slightly more 
involved. First we use 

(ag"+^;g)„ ^ {aq;q^)n ^ {-aq; g)«(ag; q^)n 
{aq'^;q'^)n {aq;q)n {a^q'^;q'^)n 
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to write (5.3) as 

{-aq;q)n{aq;q'^)nq" 



n=0 



(9; q)n{a'^q'^]q'^)n {q; q)oo{aq^;q^)c 



^(-l)"a"g"("+i). 



By the quadratic analogue of Heine's fundamental transformation Thm. A3 

(a;g^)„(b; q)2nz" _ (&; g)oo(a2:; g^)oo {c/b; g)„(z;g^)„&" 
^ (9^;'?^)n(c;(?)2n (c;g)oo(z;g2)^ (q; g)„(az; 

with a = z ^ a(7, b ^ q and c —0(7^ this gives the result 
{q;q'^)n{aq;q'^)n{aq) 



{-aq;q)2„+i 



(n+l) 



n=0 



For a = 1 this is a lost notebook identity ||T^, p. 13] proved by Andrews Eq. 
(6.2)]. 

A further interesting specialization of (5.1) arises when we set a — —1. Then 
the double sum on the right can be simplified to a single sum resulting in a new 
3(f>2 transformation. First we keep a general and use pi Lemma 2] 



E 

n=0 



{q/a;q)n+i{a,b, c; q)n 



iq;q) 



2n+l 



be 



{qyb,qyc;qU ^ (-l)''?© (6, c; g), / ag^ . 



{q,q'^/bc-q)c 



E 



r— — 00 



iq^/b,q^/c;q)r 



be 



with a = to write (5.1) as 



(gg^/b, gg^/c; q)^^ y> {a^q'^+^,aq^/bc-q)nq'^ 
{aq'^ /be; q) 00 {q,aq,aq^/b,aq^/c:q)n 



iq,aq;q) 



1 ^fK A faq'Y^{~ira-qi"i'){q'^+^;qU 



{q;q)r 



Here we have changed the order of summation on the right and shifted n ^ n + r. 
For g = —1 the sum over n yields 1/(9; q'^)r+i by the 6 — > cx) limit of the Bailey- 
Daum sum Eq. (II.9)] 



201 (g, 5; aq/b;q,-q/b) 



{aq, aq^/b^]q^)c 



{q,q^)oo{-q/b,aq/b] q)r_ 



Therefore 

(-(jV5, -gVc; g)oo >^ {q;q^)n{-q'^ /be;q)nq'^ 



{-q'^/bc; q)r_ 



E 



^ iq,-q^/b,-q^/c]q)r 



_1 ib,c;q)r f -q^ Y 

\q'^)oo f-^ {q;q'^)r+i \ be J 



(9^; 9^)00 ^ {q;q^)r+i 
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which can be written as the following nonstandard basic hypergeometric transfor- 
mation 



(-gV^-9Vc;g)oo , vq^/^,-q^/^,-q^ /be 



— q^/h, —q^/c 



(l-g)(g2;g2)^ 



-3<P2 



(^3/2^ _q3/2 ' ' 



6. Garret-Ismail-Stanton-type identities 

Before calculating more residual identities we review a recent development in the 
theory of Rogers-Ramanujan identities initiated by Garret, Ismail and Stanton [ p^ 
and further exploited by Andrews, Knopfmacher and Paule pO| , and Berkovich and 
Paule As will be shown later, calculating the residues of Theorems pTl] - 



1.4 



provides a surprising connection between partial theta function identities and 
Garret-Ismail-Stanton-type identities. 

The famous Rogers-Ramanujan identities are given by 



(6.1) 



1 



and 



r{r + l) 



1 



^0 (9;'?)^ 



{q'^,q^;q^ 



It is easy to see that the left-hand side of the first (second) Rogers-Ramanujan 
identity is the generating function of partitions of n with difference between parts 
at least 2 (and no part equal to 1). Schur exploited this fact in one of his proofs of 
the Rogers-Ramanujan identities and introduced two sequences of polynomials 
{enjJ^Li ^'^d {dn\^=i where e„ (d„) is the generating function corresponding to the 
left-side of the first (second) Rogers-Ramanujan identity with the added condition 
on the partitions that their largest part does not exceed n — 1. He then went on to 
show that both e„ and d„ satisfy the recurrence 

(6.2) Xn+l = Xn+ q^'Xn-l- 

Schur's main result was the following closed form expressions for e„ and d„ 



(6.3a) 
(6.3b) 



J„j(5j-l)/2 



J„j(5j-3)/2 



L(n-5j + l)/2j 



L(n-5j + 2)/2j 



To see that this settles the Rogers-Ramanujan identities observe that by the triple 
product identity ( |1.2| ) e„ and (i„ tend to the respective right-hand sides of ( |6.l[ ) 
in the large n limit. Alternative representations for e„ and dn, probably known to 
Schur, but first explicitly given by MacMahon §286 and §289] are 



Sn = E' 



n — r 
r 



and dn — E] 9 



r(r+l) 



n=0 



rt — r — 1 
r 



The two polynomial analogues of the Rogers-Ramanujan identities obtained by 
equating the different representations for e„ and dn were first given by Andrews 
in [pi. After this introduction we now come to the beautiful discovery of Garret, 
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Ismail and Stanton who found that for m a nonnegative integer |T^, Eq. (3.5)] 
(6.4) 



(?; q)r 



(g2,g3.q,5) 



Here e_i = do = and eg = d-i = 1 consistent with the recurrence (3.2). For 
m — and m = 1 we of course just find the first and second Rogers-Ramanujan 
identity. A polynomial analogue of (^^) was found by Andrews et al. Prop. 1] 
in the course of proving (6.4) via an extended Engel expansion. Garret et al. also 
found the inverse of (3.4) given by UB, Thm. 3.1] 



(6.5) 



{q;q)oo 



LV2J 

= (_l)Jg2jO-*) + (^ + l) 

j=0 



. 3 . 



9 r^O 



.r(r+z — 2_;) 



{q;q)r 



Next we need a major generalization of (|6.4[ ) due to Bcrkovich and Paule |12| . 
As a first ste p th ey use the recurrence (3.2) to obtain the following "negative m 
analogue" of (fj) Eq. (1.10)] 



^ qT{r—m) 



r=0 



em(l/g) 



rfm(l/g) 



(9;'7)r iq,q^;q^)co iq'^,q^;q^)c 



for m a nonnegative integer. Berkovich and Paule then proceed to generalize this 
to the Andrews-Gordon identities given by M 



E 



q 



N^ + --- + N'^_^+N, + ---+Nk-i 



{q\q'^ \q'^;q'^) 



ni,...,rifc_i=0 



iq;q)ni •••(g;g)„,_i 



{q;q)c 



for ie{l,...,fc}, K = 2fc + 1 and Nj defined as usual. Before we can give their 
result we need to define generalizations of the polynomials e„ and d„ as follows 



(6.6) X^j;/\n;q)^X^j;/\n) 

oo 

— \^ /„j(pp'j+p'-ps) r •- \ —n 

J = -oo 



(PJ + l)(p'j + s) I 



{n+s-b)/2-p'ji q ^ L(n-s-b)/2-^ jj ^ j 



-b)/2-p'j]^}' 



where p,p' , s,b and n are integers such that n + s + 6 is even. The following duality 
relation Eq. (2.3) and (2.9)] will be needed later 

(6.7) xiPf'\n;q) = q(^--+^)i"+-~3)/ij^iP^~P.P')^^. ^/^y 

Comparing definition ( |6.6[ ) with ( |6.3a ) and (6. 3b) shows that e„ = A'2^2+(t('^) ^^'^ 
dn — x[\^^{n) where a G {0, 1} is fixed by the condition that n + a is even. We 



are now prepared to state the generalization of ( |6.4| ) as found by Berkovich and 
Paule |l|, Eq. (3.21)] 



(6.8) 



E 

ni,...,nfc_i=0 



Nt + --+Ni_-, + N^, + --- + Nt-i~mNi 



(9;<?)ni • • • ('7;g)«fc-i 



E 



-^m even 



— — ^"^''/'^^ 
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for i' e {1, . . . , fc} and m a nonnegative integer. For k — 2 and i' = 2 this is ( |6.4[ ) 
but even for k — 2 and i' = 1 this is new. A polynomial analogue of the i' ^ k case 
of the above identity can be found in Eq. (1.31)]. 

After this long introduction into Garret-Ismail-Stanton-type generalizations of 
identities of the Rogers-Ramanujan-type we return to our partial theta function 
identities and calculate the corresponding residual identities. First we consider 



Theorem 1.1 which implies the identity. 



Corollary 6.1. For k>2 and K = 2k + 1, 



(6.9) 



E 



ni,...,nfc_i=0 



„ im; q)n-Ni (g; q)ni ■■■{q; q)nk-i 



K-l 

E 



[q,q,aq;q)c' ^ 



The identity corresponding to A: = 1 is given by (5.2). 

The similarity between (3.8) and ( |6.9| ) is quite striking and in the following we 
will show how equating coefhcients of a" in the power series expansion of (S.9) 
leads to (ii) for i' = 1. As the obvious first step we use (L6) and ( ^.8D to rewrite 
the above identity as 



(6.10) 



(aq 



n-Ni + l 



;q)ooq 



^r+---+^fc-i+^i+---+^fc-i 



ni,...,nfc_i=0 



E 



iq\q)rn ■ ■ ■ ('?;g)n,_i 

{q;q)lo 



Now expanding the left side by (2.2) and ( |2.3D gives 

(_i)i+/aj+2/^('+^)+('+^)+«(j+i+i)-ivu-+i:;=riiw.(Ar.+i) 



LHS(3.10) 



E 

j,/,n,ni,...,nfc_i=0 



(<?; q)j{q;q)i{q; q)n-i{q; q)ni ■ ■ ■ {q;q)nf,^i 



Shifting n^n + l,j^j — 21 and summing over n using (2.4) yields 
1 



LHS(3.10) 



{q;q)c 



y (-i)^+'a^ge'"^^^)+'('+i) 



J -I 
I 



°° gWi+---+Affe_i+Wi + ---+Wfc-i-(i-2/)Afi 



E 



{q]q)ni ■ ■ ■ ('7;g)«fc_i 



ni,...,Tifc_i=0 

Equating coefficients of with the right side of ( 6.10| ) thus gives 



(6.11) 

Lr/2J 

y (_l)'gK3/-2r+l)/2 
1=0 



r-i 
I 



E 

9 ni,...,nfc_i=0 



^Nl + -+Nl_^+Nt + -+Nk-i-{r-2l)Ni 

{q\ q)n, ■ • • (9; q)n,^, 

^ iq^+\q'^-'^-\q-;q-)^ 

{q;q)oo 
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for r a nonnegative integer. Comparing this result with ( |6.5| ) it becomes clear we 
should now invert. By the connection coefficient formula |15|, Eq. (7.2)] 



^ (n- rAJrr n\.. , , i ^—^ 



^.^0 {<l\q)A<l'^l)n-J + l 



n-2j~2l 



for the q-Hermite polynomials and by the q-Hermite orthogonality |16| , Exercise 
7.22] it follows that 



- g Jg-^ [^) ^ '(q,<})n-2j-l n,n-2j- 

(n- n') An- , , , •'i-^ 



21 



(g;g)n ^ (g;g)j(g;g)«-j+i 



(=0 



(g;g); {q;q)n-2j~2i 



for an arbitrary sequence {/in}^o- Choosing = this implies the follow- 

ing inversion 



(6.12a) 
(6.12b) 



Lr/2J 

gr^Y. (-l)'g'(3'-2'-+i)/2 



i=0 



r-/' 
I 



fr-2 



LW2J (^_^,„_2,+iyo-™+i) 

Jm — [q',q)m ^ — gm-2j- 



j=0 



(g;g)j(g;g)m-j+i 



This may also be derived without resorting to g-Hermite polynomials using the 
g-Dougall sum (3.5) with be — aq — q^". Since (6.11) is of the form (6.12a) we 
may rewrite it using (6.12b) to find 



(6.13) 

ni,...,nfc_i=0 



Wi+---+Wfc_i + Wi + --- + 7Vfc_i-mAfi 



(g;g)ni • • • (g;g)«,_i 



[rn/2\ _ m-2j+l\ ]U-m+l) / m-2j + l K+2j-m-l „n k\ 

^{q;qU E 



{q;q)j{q;q)7yi- 



(g;g)c 



(1 _qJ)gO-™-i)(i+™-3)/4 (qj,q>^-i,q^;q^)^ 

[q; qlm 2^ 



(g;g)(m-j + l)/2(g;g)(m+j + l)/2 (g;g)c 



m-t-j odd 



The left side coincides with the Berkovich-Paule result (6.8) for i ' = 1. To also 
show that the above right side agrees with the right side of ( |6.8|) requires some 
manipulations. If we denote the summand on the right by Sj then a little calculation 
shows that Sj = S^j . Since also Sj = if j = (mod k) or j > m + 1 we may 
therefore write 



j — 1 i—1 r— — oo 

m+j odd odd 
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Using this as well as (p^) we arrive at 



LHS(|l3l) = (g;g),„ ^ 



(^-m-l)(^+m-3)/4 (g^ g'' g""' g'")c 



1=1 
m+i odd 



E 



By the easily verified 



il-q^){q;q)r. 



{q; q)(m-j+i)/2{<i\ g)(m+j+i)/2 

it thus follows that 

q 



iq;q)oo 

(m+2K;r+i+l)/2 
[(m-j + l)/2] ~ [(m-j-l)/2] 



LHS(|6A3) = ^(t-m-l)(i+m-3)/4 {q^ ■< q'^ 'i g'^; g")c 

^ (g;g)oo 

odd 



E 



X > q 

r— — oo 



((K-2)(Kr+i)-K)r 



{[ 



(m-2Kr-i+l)/2j ^ 



^2Kr+i r 



1 \ 

L(m-2Kr-i-l)/2j ^ J ' 



In the first term within the curly braces we replace r — > —r and use [™,^"] = ['",!"] • 
Comparing the resulting expression with (6.6) we find that the second line of the 
above equation is x'f^-^~'^''^\m). By the duality relation ( |6.7| ) we therefore find 



LHS(|6l3|) ^ 



m+i odd 



in agreement with the right side of (6.8) for i' = 1. 

Before we continue to treat the other theorems of sections I and I let us briefly 
comment on (6.11). Because of the ocurrence of the g-binomial coefficient it is clear 
that for negative values of r the left side trivially vanishes. The right side, on the 
other hand, is nonvanishing for any integer r as long as r + 1 ^ (mod k) , and is 
in fact symmetric under the transformation r —> k — r — 2. To obtain an identity 
valid for all integers r one can use the symmetry of the right side (or more precisely, 
the quasi-periodicity under the transformation ?' ^ — r — 2) to prove that 



Lr/2J 

^ (_iygK3i-2r+l)/2 



r-l 
r ~2l 



E 

1 ni,...,nfc_i=0 



N't + --+Nl_^+Nt + -+Nk-i-{r-2l)Nt 



(g;g)c 



where r is now an arbitrary integer and where the g-binomial coefficient is redefined 
^ ["m"] ~ {q'^^^'iq)ml {q'iq)m for ^ a nonnegative integer and zero otherwise. 
Note that this implies that the lower bound in the sum over I may be optimized to 
min{0, r + 1}. 

The other theorems on partial theta functions may be applied in a similar man- 
ner. Since each time the calculations only marginally differ, we will leave out the 
details and give the most important equations only. The residual equation corre- 
sponding to Theorem 1.2 can be stated as follows. 
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Corollary 6.2. For k >2 and k — 2k, 



E 

n=0 



{q; q)n 



E 

ni,...,nfc_i=0 



Nt + -+N^_-^+Ni + -+Nk- 



1) (fcn+i)n 



The identity corresponding to A; = 1 is given by (5.3). 
By equating coefficients of a" one finds 



lr/2\ 

^ (_l)'q'(3'-2r+l)/2 
1=0 



r-l 
I 



E 



9 ni,...,nfc_i=0 



^Ari^ + ---+Ar^_i+JVi + ---+Arfc_i-(r-2;)Ari 

('?;9)oo 

for r a nonnegative integer. Inversion of this equation gives the i' = 1 instance of 



E 



Nt + ---+Ni_-,+Ni, + ---+Nk-i-TnNi 



n -r,iq'^q)ni---{qiq)nu-2i.q^;q^)nk-i 



E 



m+'i+'i' odd 



(2.). , 



where we remind the reader that k ~ 2k. In view of (6.8) it is not difficuh to guess 

that the above is true for alH' e {1, . . . , /c}. 

The Garret-Ismail-Stanton-type identity associated to Theorem 1.3 takes a 
slightly different form. First we calculate the residual identity. 



Corollary 6.3. Fork>2 and k = 2fc - 1/2, 



E 

n=0 



(a2g"+i;g)„g" 



iq;q)n 



2k-l 



E 



Nf + -+Ni_^ + Ni + -+Nk_ 



„ .{aq;q)7i-NAqiq)n,---{q;q)n,_A-q^^^'^q^^^)2n,^, 



^ [q,q,aq]q)oc 



E(-i)"«' 



2Kn^2(K;-l)(K;n+i)n ^2 4- „2K-2i^2(K-l)(K-i)(2n+l) 



9 



a g 



The equation corresponding to A: = 1 is 
(a;g)„g" {a;q), 



E 

n=0 



{q,a?]q)n (g,a2;g)c 



y (-l)"a3"g(3«-i)«/2^^ ^ ^^n)^ 



where we have replaced a by a/q^^"^. By (5.4) with 6 — > 0, c — > a'^ and z ^ q this 
can be transformed into 

^ (-1] « ^ £(_^)„^3«^(3«-l)«/2(^ ^ 



n=0 



n=0 
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which for a — g^^^ yields Rogers' false theta function identity ||2^, p. 333; Eq. (4)] 

E ^ ,2).„ , . = 1 + E(-i)"'^'" - 



n=0 



n+1 



Returning to the more general case, we equate powers of a" in Corollary 6.3 to 
obtain 

Lr/2J 



((3(-2r+l)/2 



(=0 



I 



E 



q 



Nt + ---+N^^-^+Ni + ---+Nk-i-{r-2l)Ni 



After inversion this gives the i' — I instance of 



E 



Nt + ---+Ni_-,+Ni, + ---+Nk-i-mNi 



E 



1=1 

m+i+i' odd 



('7;9)c 



Again we conjecture this to hold for all i' G {1, . . . , fc} and k = 2fc — 1/2. Note the 
subtle difference with earlier cases in that the sum over i on the right exceeds k. 
Since x['^;^'''(m; 1/q) (for i G {1, ... 2k - 1} and i' e {1, . . . , k}) is a polynomial 
with only nonnegative coefficients |^ this implies that for i > k the summand on 
the right (as a power series in q) has nonpositive coefficients. 
Finally we treat Theorems 1.4 and 4.1 together. 

Corollary 6.4. For a e {0, 1}, fc > 2 and k = 3k - a - I, 



E 



(a2g"+i;g)„g" 



^N^ + ---+N^_,+Ni + ---+Nt,_i+aNk-i(Nk-i-l) 

„^o ^i.^.'^^^i^o («9;g)n-iVi('7;g)ni • ■ • (g;g)n,_2(9;9)2«,_i 



E 



2K-2i „2k+2i. „4K^ 



{q,q,aq; q)c 

CO 

^ _ ^2Kji-2j^(2K-3)(Kn-i) 



"|l - a2j^2(2K-3)m| 



The identity corresponding to a = and k = 1 turns out to be a special case of 
Heine's transformation (|]J) and has therefore been omitted. Equating the coeffi- 
cients of a" yields 



Lr/2J 

^ (-l)'gK3i-2r+l)/2 
1=0 



E 



Nl + --- + N^_^+Ni + ---+Nk-i+a{N'^_^-Nk-i)-(r-2l)Ni 



ni,...,nfc_i=0 



2nfc-i 



f„r+l 2k-7 — 1 2k. 2k\ / 2K-2r-2 2K+2r+2. 4K;^ 

W J y jy ^oow ' y jy yc 



(y;y)c 
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provided r is a nonnegative integer. The inversion of this equation gives the i' — 1 
case of 



E 



ni,...,nt_i=0 



^Nl + - + N^_^+N^, + - + Nk-i+c7Nk-iiNk-i~l)~mNi 

{q;q)m ■■■{q\q)n^^M'^q)2n^_^ 

'^^1 I i 2k, — i 2k.„2k~i / 2k — 2i 2K+2i 4ft 4k"| 



E 



2^1 

ra-\-i-\-i odd 



{q\q)c 



Yet again we conjecture this to be true for alH' e {1, . . . , /c}. 

Since the outcomes are less spectacular, we leave the calculation of the residual 
identities of the remaining theorems of section ^ to the reader. Instead we just list 
some of the simplest cases which we hope are of some interest. 

Calculating the residue around a = in (|3.9|) results in 



E 



(a2(z"+i;g)„g" _ 1 + (1 + l/«) E,T=i(-l)"a"'z("^') 



^ iq,aq,aq'^;q)r 



(1 - q){q, aq,aq^;q)ao 
which for a = 1 simplifies to 



E 



^ {q,q,q^\q)n 



(q'^q) 



reminiscent of (4.11) 



The residual identity corresponding to ( 4.10 ) is 
(a^;9)2n9" 1 



E 



(q, a, aq, a?q; g)„ (g, ag, ag; q)c 



Y^{-lYa^q{''V) 



which generalizes ( 4.11 ) obtained for a = 1. This last result becomes more inter- 
esting if we compare it with the analogous result obtained from ( f4.13D : 



E 



(a2g"+l;g)„g" 



Y^{-lTa-qi"tl 



^ {q,aq,aq;q)n {q,aq,aq;q),^ ^ 

Noting the similarity of the above two right-hand sides and using basic hypergeo- 
metric notation we infer that 



392 



-a, aq^/^, —aq^/"^ 
aq, a?q 



;q,q 



{q,aq, aq;q)r 



-3(P2 



-aq, aq^/^, —aq^^^ 



aq, a'^q 



,q,q 



Finally, calculating the residue around a = q^ in ( |4T5| ) yields 



E 



{~aq;q)nq'' _ i-aq;q)c 



{q,o?q;q)n {q,a'^q;q)c 



1 - (1 + a) ^ „3n-2^„(3n-l)/2^^ ^^„) 



By Heine's transformation (5^) with a —aq, 6 — > 0, c — > a^q and z ^ q this 
becomes 



E 

ri=0 



(-l)"a2"g("^') 
{-aq;q)n+i 



1 - (1 + a) ^ ^3n-2^n(3n-l)/2(^ _ ^^ny 



n=l 
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For a — 1 this yields 
(6.14) 

n {-<4~;(1' )n+l , 

Although this is a false theta function identity not in Rogers' paper it readily follows 
that ( |6J^ ) - ( |6l5| ) = delsl ) - 1 with |2^, p. 333; Eq. (6)] 



°° / i^n_n(n+l) 

E =i + 2Eg^"(g"-^-")- 

^ (-r;r) ■ ^ ^ 



(6.15) 



°° I 1 ^n„^^(Il+l) °° 



7. Discussion 



In the abstract we stated that many of Ramanujan's partial theta function iden- 
tities can be generalized by the method developed in this pa per. In the ma in text , 
however, we restricted ourselves to Ramanujan's identities ( 1.1) an d (|l.3|)-(1.5), 
which all have a very similar structure dictated by Proposition 3.1. To conclude 
we will give one example of how simple modifications lead to generalizations of 
other partial theta function identities of the lost notebook. The identity we will 
generalize in our example is |]l9|, p. 37] 



E 



2n+l 



— ' {aq,q/a;q'^) 



n=0 



n+1 



^ ^(_l)n+l„3n+l^„(3n+2)(^ ^ ^^2„+l) ^ ^ 



(|_2)"a2n+lgn(n+l) 



„=0 n=0 i^<l^<l/^-^1^U 

which was first proved by Andrews ^, Eq. (3.9)]. 

First we take 6 = g^/o in (|3.lD and divide both sides by (1 — g/a). This yields 



fr?, (a, 9/a; <?)n+l ^ [q;q)n-r[q]q)n+r+2 ^ 



n=0 



r=0 



CXj OO 



E{E/'-+'?"" E /-.-i}(-ir^a>(""") 



n—l r— 



r— — OO 



provided all sums converge. Recalling definition ( |4.1[ ) of a Bailey pair this can be 
restated as follows. 

Corollary 7.1. For {a,j3) a Bailey pair relative to q^ there holds 



(7-2) E 



Pniq^;q)2nq" 
{a,q/a;q)n+] 



+ (i-'/^)E 



a„(-l)"(a/g) 



"+io-(3) 



ji=0 



1-q 



2n+2 



{q,a,q/a;q)c 



■f^i^iy+^a/qYq&f^ar^q^'- 



r(2n+2) 



r!=0 



1-q 



2n+2 



The Bailey pair required to turn this into (7.1) is 

^2n+2 

(7.3) a. 



„ = (_l)L4»/3J^n(2n+l)/3 i 9 ^ 3 (^^^ 3)) 

1 — g-^ 



{q'^;q)2n 



PARTIAL THETA FUNCTIONS 



27 



The proof of this pair comes down to the proof of the polynomial identity 

C30 

(7.4) E {'i''''^'' ra, - 1^'^^'^''^^'' [ZT^]^} - 1 - '/^"^^ 

j = -oo 

established in the appendix. If we insert ( [7. 3D in (7.2), replace a by aq^^^ followed 
by 9 ^ 9^ we find (^^). If first we use the Bailey lemma to obtain the iterated 
Bailey pair 

1 _ „2n+2 

«n - (-1) g»(2»+l)/3+(fc-l)n(n+2) 1 9 ^ 3 (mod 3)) 

1 — <7^ 

/3n= E 



„ _n (9;g)n-Afi(9;'7)«i •■•(g;'7)n,_2(9^;9)2n,_i 

"■l T ■ ■ "'k — 1 ^ 



relative to and insert this in ( |7.2| ) with a replaced by aq^^^, we obtain our final 
theorem. 

Theorem 7.1. For k > 1, k — 3k — 1 and Nj = rij + rij+i + • • ■ + Uk-i, 

(g';g)2ng"+^/' ^JV? + ...+Ar|_,+2iVi + ...+2W,_i 

^.^r^^i/z „l/2/„.„^ 



^ {aq^/^,q^/^/a; g)„+i „^^,,,^_^^o (<?; g)n-JVi (g; g),!! •••(?; q)n^_2 (g^; '?)2«,_i 

oo 

^(_l)»+la3n+l^(2«-3)(3«+2)n/2|--^ + ag(2K-3)(2n+l)/2^ 
n=0 

(g,agi/2,gi/2/a;q)^ 

oo 

E] a^''"g^^''^'^-"-''"^*-'"|l — Q2K-2i^(2K-3)(K-i)(2n+l) I 



X 

n=0 



As a final comment we should note that it does not seem possibl e to prove and 
generalize all of Ramanujan's partial theta function formulas using (3.1), and it is 
an open problem whether one can modify our approach to extend an identity like 

m p. 39] 

°° q3n^ °° ^3n(n-l) °° ^3n(n-l) 



(a; q^)n+iiq^/a; q^)n (ag, g^/a; g^)„ (g/a, aq^; q^)r 

(g;g)L 



(g^;g^)cx)(a,g/a; g)oo 
which contains partial and complete theta functions of different moduli. 

Appendix A. Proofs of polynomial identities 

In this appendix we prove the various polynomial identities used in the main 
text for extracting Bailey pairs. All proofs are based on identities obtained by 
Rogers in his classic 1917 paper |Q on Rogers-Ramanujan-type identities, which 
we transform using the g-binomial recurrences 

("m+nl ("m+n— 11 , n — mTm+n— 11 ("m+n— 11 , m fm+n — 11 

LmJg L m \ q ^ Lm— iJg I ni—1 \ q ^ l m \ q' 
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For the proof of (4.5) we require 

oo 

(A.l) i-^y<l'^''-'^^'[n-,]^ = il'^'-^l)n 

oo 

(A.2) i-^y^r^'^'-'^^'X-,]^ = q-{q"';q)n 

j=-oo 

equivalent to the Bailey pairs G(l) and G(3) in Slater's list Applying the first 
q-binomial recurrence to the left-hand side of ( 4^ ) yields 

oo 

LHS(pl) = LHSQ + <7"+i Y (-l)'9^''^'^'^^L-r-i] 

j=-oc 



= (gV2.q)„ _^n+iLHS(|Aj) = (1 - g^"+^)(gV^;g)„, 

where the second equality follows after the variable change j ^ J — 1- 

The ingredients needed for the proofs of (IJ), ( [4.16|) and (7^4) are polynomial 
identities equivalent to the Bailey pairs A(l)-A(4) 



(A.3) 
(A.4) 
(A.5) 
(A.6) 



OC 

/— — oo 

oo 

/= — oo 

oo 

j^-oo 
oo 

E„j(6j+4) r pn+l] _ r 2n+l 1 \ 



= 1 



= 1 



= q 



To show (4.7) is true we take its left-hand side and apply the first (second) q- 
binomial recurrence to the first (second) term of the summand to find 



LHS(4.7) = LHS(A.3) - g"+^LHS(A.5) - 1 - g 



To establish (7.4) we take its left-hand side and apply the first g-binomial recur- 
rences to both terms of the summand to find 



oo 

LHS(g) - LHS(^ - Y [„!"3+l2] 

j = -oo 

= 1 - q^+^LRSlK^ = 1 - g2"+2^ 



j(6j+4) 



r 2n+l 1 1 



where the second equality follows by the variable change j ^ — j — 1 in the first 
term of the sum over j and the symmetry [™J^"]^ = The polynomial 

identity ( 4.16| ) requires some more work. First observe that the second line on the 
left of ( 4.f6D is precisely — gLHS(A.6) — — Using the first (second) g-binomial 
recurrence on the first (second) term of the summand on the first line (and making 
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some trivial variable changes) thus gives 
LHS(p6|) = LHS(O) - 



OO 



Next we expand the remaining sum over j using the first gr-binomial recurrence. 
This leads to 



OO 



j = -co 



Finally we deal with (4.14) for which we need three polynomial identities equiv- 
alent to the Bailey pairs C(f), C(2) and C(4) pi, 



(A.7) 
(A.8) 
(A.9) 



OO 
/ — — OO 

OO 

E (-iF<z^^-(^-+^'[r2]] 



First note that the second sum in (4.14) (corresponding to the term in (1 — 

g^^+i)) is -gLHS(^) = -g"+i(-g; g)„. We therefore need to show that the first 
sum, which will be denoted by ^i, equals (1 + g"+-'^(l — 9"))(— <?; q)n- Now, by the 
first g-binomial recurrence, 

OO OO 

E i-^yi''''-''[nV,+i"^' E i-^yi''''^''U2U, 



LHS(A.7) + g"+^(LHS(A.7) - LHS(A.8)) = (1 + q"+\l - 9"))(-g; q) 



Here we note that in calculating LHS(A.7) — LHS( |A.8| ) one should first replace 
3 ^ J in (O) and use [™+"] = 



References 

1. G. E. Andrews, On basic hypergeometric series, mock theta functions, and partitions (I), 
Quart. J. Math. Oxford Ser. (2) 17 (1966), 64-80. 

2. G. E. Andrews, A polynomial identity which implies the Rogers-Ramanujan identities, Scripta 
Math. 28 (1970), 297-305. 

3. G. E. Andrews, An analytic generalization of the Rogers-Ramanujan identities for odd moduli, 
Prod. Nat. Acad. Sci. USA 71 (1974), 4082-4085. 

4. G. E. Andrews, The Theory of Partitions, Encyclopedia of Mathematics and its Apphcations, 
Voh 2, (Addison- Wesley, Reading, Massachusetts, 1976). 

5. G. E. Andrews, An introduction to Ramanujan's "Lost" Notebook, Amer. Math. Monthly 86 
(1979), 89-108. 

6. G. E. Andrews, Ramanujan's "lost" notebook. I. Partial B-functions, Adv. Math. 41 (1981), 
137-172. 



30 



OLE WARNAAR 



7. G. E. Andrews, Ramanujan's "lost" notebook. II. ■&-Function expansions, Adv. Math. 41 
(1981), 173-185. 

8. G. E. Andrews, Multiple series Rogers-Ramanujan type identities, Pacific J. Math. 114 
(1984), 267-283. 

9. G. E. Andrews, R. J. Baxter, D. M. Bressoud, W. H. Burge, P. J. Forrester and G. Viennot, 
Partitions with prescribed hook differences, Europ. J. Combinatorics 8 (1987), 341—350. 

10. G. E. Andrews, A. Knopfmacher and P. Paule, An infinite family of Engel expansions of 
Rogers-Ramanujan type, Adv. Apphed Math. 25 (2000), 2-11. 

11. W. N. Bailey, Identities of the Rogers-Ramanujan type, Proc. London Math. Soc. (2) 50 
(1949), 1-10. 



12. A. Berkovich and P. Paule, Variants of the Andrews-Gordon identities, math. CO/0102073 



13. A. Berkovich and P. Paule. Lattice pa ths, q-multinomials and two variants of the Andrews- 



Gordon identities, math. CO/0104053 



14. N. J. Fine, Basic hypergeometric series and applications. Mathematical Surveys and Mono- 
graphs, Vol. 27, (American Mathematical Society, Providence, 1988). 

15. K. Garrett, M. E. H. Ismail and D. Stanton Variants of the Rogers- Ramanujan identities. 
Adv. in Appl. Math. 23 (1999), 274-299. 

16. G. Gasper and M. Rahman, Basic Hypergeometric Series, Encyclopedia of Mathematics and 
its Applications, Vol. 35, (Cambridge University Press, Cambridge, 1990). 

17. P. A. MacMahon, Combinatory Analysis, Vol. 2, (Cambridge University Press, London and 
New York, 1916). 

18. P. Paule, On identities of the Rogers-Ramanujan type, J. Math. Anal. Appl. 107 (1985), 
255-284. 

19. S. Ramanujan, The Lost Notebook and Other Unpublished Papers, (Narosa Publishing House, 
New Delhi, 1988). 

20. L. J. Rogers, On two theorems of combinatory analysis and some allied identities, Proc. 
London Math. Soc. (2) 16 (1917), 315-336. 

21. A. Schilling and S. O. Warnaar, Conjugate Bailey pairs. From configuration sums 
and fractional-lev el string functions to Bailey's lemma, Contomp. Math, to appear. 



iiath.QA/9906092 



22. I. J. Schur, Ein Beitrag zur additiven Zahlentheorie und zur Theorie der Kettenbriiche, S.-B. 
Prcuss. Akad. Wiss. Phys.-Math. Kl. (1917), 302-321. 

23. L. J. Slater, A new proof of Rogers's transformations of infinite series, Proc. London Math. 
Soc. (2) 53 (1951), 460-475. 

Department of Mathematics and Statistics, The University of Melbourne, Vic 3010, 
Australia 

E-mail address: warnaarSnis.uninielb.edu.au 



